We study the non existence of non trivial □"-harmonic 1-forms on a complete foliated riemannian manifold with positive definite Ricci curvature. It is well known that the harmonic 1-form on a compact and orientable riemannian manifold with positive definite Ricci curvature is trivial. Our main theorem is an extension of this fact in the complete foliated riemannian case.
Introduction. B. L. Reinhart [4] showed that on a compact foliated manifold M with " bundle-like" metric, the cohomology of basic differential forms is isomorphic to the harmonic space of a certain semidefinite Laplacian. I. Vaisman [5] defined the second connection closely related to the foliated structure, and showed that there are no non trivial foliated harmonic 1-forms on M with positive definite Ricci curvature of the second connection. In this note we shall discuss the square-integrable basic harmonic 1-forms in the complete case and obtain a similar result.
1. Definitions. Let M be an «-dimensional C°°-manifold which, topologically, is a connected, orientable, paracompact, Hausdorff space. We shall assume that a foliation E of codimension q is given on M, and we may find about each point a coordinate neighbourhood with coordinates (xx, . . ., xp,yx, . . . ,yq) (n = p + q) such that (i)|x'| < l,|y*| < 1.
(ii) The integral manifolds of E are given locally by v1 = cx, . . . ,yg = cq for constants ca satisfying \ca\ < 1. (Here and hereafter, Latin indices run from 1 top and Greek indices from 1 to q.) Such a coordinate neighbourhood will be called flat, while each of the slices given by a set of equations y " = c" will be called a plaque.
We may assume that there exist in a flat neighbourhood U differential forms w' and vectors va such that (i) {d/dx'} forms the base for the space of cross-sections of E in U at each point.
(ii) {wx, . . . , w", dyx, . . . , dy") and {d/axx, ..., o/axp, vx, . . . , vq) are dual bases for the cotangent and tangent spaces at each point of U respectively. Hence, w1 = dx' + 2 a¿ dya and va = a/dya + 2 b'Jd/dx'.
Throughout this note, all local expressions for differential forms and vectors will be taken with respect to those bases. We may define n <£ to be the sum of all these terms with a fixed r and s. Since under a change of flat coordinate systems, {{dya}} goes into {{dy*a}} and {{w'}} into {{h'*'}}, the operator Hrs is independent of the choice of coordinate system. Here by {{•}} we mean the vector space generated by the set {•}. nri<f> is Let L2'S(M) be the completion of A0f(M) with respect to the inner product « , >>. We will denote by 3 the restriction of d" to A°/(M) and by 9 the restriction of 8 " to \°¿\M). Define 8 = (9)* and 9 = (8)* where ( )* denotes the adjoint operator of ( ) with respect to the inner product « , >>. Then 8 (resp. 9) is a closed, densely defined operator of Lfs(M) into L%'S+X(M) (resp. L^~X(M)). Let D°'s (resp. öÄp,i) be the domain of the operator 8 (resp. 9) in L2,S(M). We put 4. □"-harmonic 1-forms. A differentiable curve C: [0, 1]-»M is said to be tranversal if C(t) is in the transversal plane field L,± for all t, where C(t) denotes the differential with respect to the parameter t. Let C be a transversal curve in M. Then, taking its local expression C(t) = (C'(t), Ca(t)), we have
(by the transversality of C(t)).
A transversal curve C is called a geodesic if
By a routine calculation, we may show that a transversal geodesic with respect to the second connection coincides with one with respect to the Levi-Civita connection. Hence a geodesic transversal to a leaf is transversal to all leaves (cf. [3] ).
We fix a point o in M, and for each point p in M, we denote by p(p) the distance between leaves through o and p.
We consider a differentiable function p on R (the reals) satisfying (i) 0 < p < 1 on R, (ii)u(0 = 1 for / < 1, (iii) p(t) = 0 for t > 2.
Then we set »M = P(p(p)/k) for k = 1, 2, 3, ... .
Lemma 4.1 (cf. [1] ). Under the above notations, there exists a number A depending only on p, such that (i)\\d"wkAn2 < *42n*n7*2.
(ii) \\d"wk A *"H2 < qA2U\\2/k2, for all <j> G A°/(M), where \\<t>\\2 = «>, *». Letting k -> oo, we have 0 > lim sup«wt«R,*, wk$))BW +\\D<p\\2.
Suppose that the minimal eigenvalue X of 91 is nonnegative. Then there exists a constant K > 0 satisfying lim sup «w*<$,<?>, wk<j>))B(2k) > K\\<j>\?.
/c-»oo
In fact, there exists a constant AT > 0 such that X > K. Hence we have 0 > ||D<i>||2 + K\\<p\\2.
